50 Minutes—No Calculator

1997 AP Calculus BC:
Section I, Part A

Note: Unless otherwise specified, the domain of a function f is assumed to be the set of all real
numbers x for which f(x) is a real number.

1. I;J;(x+l)dx=

16 7
(A) 0 B) 1 ©) 5 (D) 3 (E) 2
2. If x=¢* and y=sin(2¢), then P
2 ;
2 e sin(2t) cos(2t) cos(2t)
(A) 4e“cos(2t) B) cos20) © B (D) Y (E) D
3. The function f given by f(x)=3x> —4x> -3x has a relative maximum at x =
(A) -1 B) —{2 © o (D) g (E) 1
d Inx? _
4, Zx—(xe )—
(A) 1+2x (B) x+x2 (C) 3x? (D) x° (BE) x*+x°
3 x—2
5. If f(x)=(x=1)2 +e2 , then f'(2) =
*) 1 ® 2 © 2 ® I ® =
6.  The line normal to the curve y=+/16—x at the point (0,4) has slope
4 8 ®) 4 © 3 ® -2 B -8

AP Calculus Multiple-Choice Question Collection
Copyright © 2005 by College Board. All rights reserved. Available at apcentral.collegeboard.com.

113



1997 AP Calculus BC:
Section I, Part A

uestions 7-9 refer to the graph and the information below.
grap
y
4
! I t ] 1 i [} i
i : i i ' ; | !
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| 1 "\/,V—f(x) ) i 1
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4 } } 4 } } } - X
of t 2 3 4 s N T _8
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: ! . i ¥ : . E
3 I } ) i ] ] ]

The function f is defined on the closed interval [0,8] . The graph of its derivative f' is shown above.

7. The point (3,5) is on the graph of y = f(x). An equation of the line tangent to the graph of f at

(3,5) is
(A) y=2
B) y=5

©) y-5=2(x-3)
(D) y+5=2(x-—3)
(E) y+5=2(x+3)

8. How many points of inflection does the graph of f have?

(A) Two
(B) Three
(©) Four
(D) Five
(E) Six
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1997 AP Calculus BC:

Section I, Part A
9. At what value of x does the absolute minimum of f occur?

A) 0

(B) 2

C) 4

D) 6

E) 8

vt 2 -1 %,

10. If y=xy+x°+1, then when x=-1, e is

(A) % (B) —% © -1 D) =2 (E) nonexistent

11. jw—i‘-—dx is

1 (1+x%)?
@) -+ ® -+ © i o L (E) divergent
2 4 4 2
b
y=<x)l\
a /\ \ E
V ¢ \_/ b

12. The graph of f*, the derivative of £, is shown in the figure above. Which of the following
describes all relative extrema of f on the open interval (a,b)?

(A) One relative maximum and two relative minima
(B) Two relative maxima and one relative minimum
(C) Three relative maxima and one relative minimum
(D) One relative maximum and three relative minima
(E) Three relative maxima and two relative minima

AP Calculus Multiple-Choice Question Collection 115
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1997 AP Calculus BC:
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13. A particle moves along the x-axis so that its acceleration at any time 7 is a(f) = 2¢ -7 . If the initial
velocity of the particle is 6, at what time # during the interval 0 <t < 4 is the particle farthest to the

right?

A) 0 B) 1 © 2 D)y 3 (E) 4
14.  The sum of the infinite geometric series 3+2+-12—7—+—81—+... is
2 16 128 1,024

(A) 1.60 (B) 235 (C) 240 D) 245 (E) 2.50

15.  The length of the path described by the parametric equations x = cos’ ¢ and y=sin’¢t, for

OStsg,is given by

T
@) [2 V3cos2t+3sin¢ dt

T
(B) j'OZ V-3 cos? sinz+3sin’ cost dt

U
(©) IOZ V9cos* 1 +9sin* 7 dr

i
(D) j' 02 \/ 9cos* sin®7+9sin* cos? ¢ dt

T
(E) J'OZ Veos® 1 +sin® r dt

h
16.  lim < is
h—0
(A) 0 B) % © 1 D) e (E) nonexistent
AP Calculus Multiple-Choice Question Collection 116
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1997 AP Calculus BC:

Section I, Part A

17. Let f be the function given by f(x)=In(3-x). The third-degree Taylor polynomial for / about

x=2 is
(A) —(x—2)+(x-22)2__(x-32)3
®) -(x-2)-& —2 2% (x_32)3
©) (x-2)+(x-2)+(x-2)°
D) (x-2)+< ‘22)2 +(x—32)3
(E) (x—z)_()“;)2 +(x—3z)3

18. For what values of ¢ does the curve given by the parametric equations x =#> —#*> -1 and

y=t*+21 -8t have a vertical tangent?

(A) 0 only
(B) 1 only

(C) Oand % only

2

(D) o, 3 and 1
(E) Novalue

19. The graph of y = f(x) is shown in the figure above. If 4, and A, are positive numbers that

represent the areas of the shaded regions, then in terms of 4, and 4,,

J'.44 f(x)dx—Zj'fl f(x)dx =

(A) 4, (B) 4-4,

(©) 2414,

(D)

(E) 4,+24,
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Section I, Part A
. . e (x=2)"
20. What are all values of x for which the series Z -— converges?
n=l N
(A) -3<x<3
(B) -3<x<3
(C) -1<xZ5
(D) -1<x<5
(E) -1<x<5

21. Which of the following is equal to the area of the region inside the polar curve r =2cos® and
outside the polar curve r =cos6 ?

T T T
() 3[2cos?0d0 (B) 3] "cos? 0o (C)%Iozcoszede (D) 3[2cos0d0 () 3[ cos0do

o u b c\/d

22. The graph of f is shown in the figure above. If g(x)= J': f(t)dt, for what value of x does g(x)

have a maximum?

(A) a
B) b
©) ¢
D) 4
(E) It

cannot be determined from the information given.
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1997 AP Calculus BC:

Section I, Part A
5 x
8
23. In the triangle shown above, if © increases at a constant rate of 3 radians per minute, at what rate is
x increasing in units per minute when x equals 3 units?
15
(A) 3 (B) vy < 4 D) 9 (B 12
.
24. The Taylor series for sinx about x=0 is x ——37+§T—"' .If £ is a function such that
f'(x)=sin (x2 ), then the coefficient of x’ in the Taylor series for f(x) about x =0 is
@ = ® = © o ® —  ® -
7! 7 42 7!
25.  The closed interval [a,b] is partitioned into » equal subintervals, each of width Ax, by the

n
numbers xo,x;, ..., %, Where a=xy <x; <x, <---<Xx, ) <x,=b. Whatis lim > \[x; Ax ?
=0
i=l

w 2
B) b
© 3

(D) b2-a?

(E) 2 (b‘i'-a%)
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1997 AP Calculus BC:
Section I, Part B

40 Minutes—Graphing Calculator Required

Notes: (1) The exact numerical value of the correct answer does not always appear among the choices
given. When this happens, select from among the choices the number that best approximates
the exact numerical value.

(2) Unless otherwise specified, the domain of a function f is assumed to be the set of all real
numbers x for which f(x) is a real number.

76.  Which of the following sequences converge?

I { 5n }
2n-1
n
1L {f—}
n
1} e
C o l1+e”

(A) Tonly (B) Ilonly (C) Iandlonly (D) IandMonly  (E) I II and II

77. When the region enclosed by the graphs of y = x and y =4x-x? is revolved about the y-axis, the
volume of the solid generated is given by

A 7632 dr
(B) nJ';(xz—(4x-x2)2)dx
©) nI;(3x—x2)2dx
(D) 2n[3(x3—3x2)dx

(E) 2nj3(3x2-x3)dx

AP Calculus Multiple-Choice Question Collection 120
Copyright © 2005 by College Board. All rights reserved. Available at apcentral.collegeboard.com.
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Section I, Part B

(A) f'(e), where f(x)=Inx
B) /(@) where £(x) =2
© (1), where f(x)=lnx
(D) f(1), where f(x)=In(x+e)

(E) f'(0), where f(x)=Inx

79. The position of an object attached to a spring is given by y(¢) = %cos(St) —-:ll-sin(St) , Where 7 is

time in seconds. In the first 4 seconds, how many times is the velocity of the object equal to 0?

(A) Zero
(B) Three
(C) Five
(D) Six
(E) Seven

80. Let f be the function given by f(x) = cos(2x)+In(3x). What is the least value of x at which the
graph of f changes concavity?

(A) 0.56 (B) 0.93 ©) 1.18 (D) 2.38 (E) 2.44

81. Let f be a continuous function on the closed interval [-3,6].If f(-3)=~1 and f(6)=3, then
the Intermediate Value Theorem guarantees that

A) f(O)=0
B) f(c) =§ for at least one ¢ between -3 and 6

(C) 1< f(x) <3 for all x between -3 and 6
(D) f(c)=1 for at least one ¢ between -3 and 6

(E) f(c)=0 for at least one ¢ between —1 and 3
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82.

If 0 < x <4, of the following, which is the greatest value of x such that j ; (t2 =-20)dt2 I;tdt ?

(A) 135 (B) 1.38 © 14 (D) 148 (E) 1.59

83.

If %:(Hlnx)y and ify=1whenx =1, theny=
A) e’

(B) 1+lnx

©) Inx

(D) 62x+x1nx—2

(E) exlnx

84.

[ x* sin xde=
(A) ~x? cosx—2xsinx—2cosx+C

(B) -x*cosx+2xsinx—2cosx+C

© —x?cosx+2xsinx+2cosx+C

3
(D) ——3—cos x+C

(E) 2xcosx+C

85.

Let f be a twice differentiable function such that f(1)=2 and f(3) =7. Which of the following
must be true for the function f on the interval 1<x<37?

1. The average rate of change of f is % .
II.  The average value of f is %

II.  The average value of 1’ is %

(A) None

(B) Ionly

(C) I only

(D) IandIII only
(E) I and I only

AP Calculus Multiple-Choice Question Collection 122
Copyright © 2005 by College Board. All rights reserved. Available at apcentral.collegeboard.com.



1997 AP Calculus BC:
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j___di___z
(x=1)(x+3)
1

(A) Zhl

x-1
x+3

+C

1
(B) Zlﬂ

x+3

+C

x-1

(©) %ln|(x-—l)(x+3)|+C

1 2x+2
R Iy eyt i

E) In|(x-1)(x+3)|+C

87. The base of a solid is the region in the first quadrant enclosed by the graph of y =2 - x*and the

coordinate axes. If every cross section of the solid perpendicular to the y-axis is a square, the
volume of the solid is given by

@ =f (2-y)
®) [ (2-y)d
(©) ﬂ:L;E(2—x2)2dx

(D) jﬁ(z—xz)zasc

0
2
© [
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= 1997 AP Calculus BC:
Section I, Part B

2
88. Let f(x)= _[ : sint dt . At how many points in the closed interval [O, Jr ] does the instantaneous

rate of change of f equal the average rate of change of f on that interval?

(A) Zero
(B) One
(C) Two
(D) Three
(E) Four

2

89. If f is the antiderivative of T such that f(1)=0, then f(4)=
+x

(A) -0.012 B) 0 (C) 0.016 (D) 0376 (E) 0.629

90. A force of 10 pounds is required to stretch a spring 4 inches beyond its natural length. Assuming
Hooke’s law applies, how much work is done in stretching the spring from its natural length to 6
inches beyond its natural length?

(A) 60.0 inch-pounds
(B) 45.0 inch-pounds
(C) 40.0 inch-pounds
(D) 15.0 inch-pounds
(E) 7.2 inch-pounds

AP Calculus Multiple-Choice Question Collection 124
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1997 AB 1997 BC

1. C 21.E I. C
2. A 22.D 2. E
3. C 23.A 3. A
4. D 24.B 4, C
5. E 25.A 5. C
6. C 76.E 6. A
7. D 77.D 7. C
8. C 78.D 8. E
9. B 79.C 9. A
10.E 80. A 10. B
11.E 8l.A 11.C
12.B 82.B 12. A
13. A 83.C 13.B
14.C 84.C 14.C
15.B 85.C 15.D
16.D 86. A 16.B
17. A 87.B 17.B
18.C 88.E 18.C
19.D 89.B 19.D
20.E 90.D 20.E

21.
22.
23.
24.
25.
76.
77.
78.
79.
80.
81.
82.
83.
84.
85.
6.
87.
88.
89.

CawprpUOa@mwowormgr»goma >
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3001 3
1 15 5., 25 2351 16
1. x(x+Ddx= | x2+x2dx="x2+Zx2| ==
IO Vr(+h -’-0 5 3 jo 15
. 2cos(2t) cos(2t)

3. F(x)=3x —4x> =3x; f'(x) =15x* —12x2 =3 =3(5x2 + 1)(x = 1) = 3Gx2 + D)(x + D)(x=1) ;
S’ changes from positive to negative only at x =—1.

4. s’ o x%; so xe"® = x3 and _ci(x3) =3x2

dx
2 3, o1 301

5. X)=(x-D2+=e"2; fl()=2(x=1)2+=e"2 f'Q)==4—=2
f()()2 f()z()z f()22

6. y=(16-x)2; y'= —-5(16 -x) 2; y'(0)= —-g; The slope of the normal line is 8.

7. The slope at x =3 is 2. The equation of the tangent line is y—5 = 2(x—3).

8. Points of inflection occur where f’ changes from increasing to decreasing, or from
decreasing to increasing. There are six such points.

9. S increases for 0 < x <6 and decreases for 6 < x <8. By comparing areas it is clear that f
increases more than it decreases, so the absolute minimum must occur at the left endpoint,
x=0.

10. y=w+x’+l; y=xy'+y+2x; at x=-1,y=1; YV==y'+1-2 = y'=-—%

L
11. wa(1+x2)_2dx= 1im—1(1+x2)‘1 —fimi-—1 1
1 Lo 2 I Lox4 2(1+[%) 4

12. f' changes from positive to negative once and from negative to positive twice. Thus one
relative maximum and two relative minimums.

13. a(t)=2t-7 and v(0) =6; so v(t)= 2 =Tt+6= (t-1)(t - 6). Movement is right then left
with the particle changing direction at ¢ =1,, therefore it will be farthest to the right at 7 =1.

AP Calculus Multiple-Choice Question Collection 222
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3
14. Geometric Series. r = -é <1 = convergence. a :-;— so the sum will be § = —2'—3: =24
1-2
8
2
i /2 | dx dy
15. cos’s,y=sin’t for 0<sr<—. L= — dt
= 4 0 2’ '[0 \/[ dt] ( dt]
2 2
L= Ion/ \/ (-3 cos? tsin z‘)2 +(3 sin” £ cos t)2 dt= I;/ \/ 9cos* rsin’ £ +9sin* t cos? ¢ dt
h B0 h
e’ -1 1 e —e 1 e -1 1
16. lim =—lim =— f'(0), where =¢" and f(0)=1. lim =—
w2 a2/ © fx)=e and fO)=1. Jim=y==>
1
17. Jx) =@ -x); f'(x)=—, f"(x) =~ S(x) = ;
x-3 (x —3)2 (x- 3)3
' " " 1 1
f2)=0,f'2)=-L f"2)=-1, f"(2=-2; ay=0,9=-1,a, =—§,a3 =3
-2 (x-2)°
xX)=—(x-2)- -
fx)=—(x-2) 5 3
3 _ 3 _
18. x=B 2ol y=rtr2d —gy DM M8 A HMY o cal tangents at 1= 0,2
dx 32 -2 t(3t-2) 3
19. [ s fl F () = (4) = ;)= 2= Ay) = A, + A,
20. Z (x=2 . The endpoints of the interval of convergence are when (x—2)=+3; x=-1,5.
n=l H*
Check endpoints: x =~1 gives the alternating harmonic series which converges. x =35 gives
the harmonic series which diverges. Therefore the interval is —-1< x< 5.
}/!
2 2
21. Area = 2 1 jn/ ((2cos9)2 —cos? 0)do = r/ 3cos® 0 db
2 J0 0
X
22. g'(x) = f(x). The only critical value of g on (a,d) is at x =c. Since g’ changes from
positive to negative at x = ¢, the absolute maximum for g occurs at this relative maximum.
AP Calculus Multiple-Choice Question Collection 223
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23. E x=35sin0; g)C—=5cos€3--c—1?—; When x=3,cos()==~i4—; ~a-l—x—~=5[£}(3):12
dt dt 5 dt 5
24. D f’(x)_sm(xz)sz_gif_+...—x2 __,lxﬁ +___::>f(x)__1_x3____l_x7+“_ The
' 3! 6 37 42

. ) 1
coefficieint of x/ is ——.
42

25. A This is the limit of a right Riemann sum of the function f(x)= Jx on the interval [a,b], so

b
n 3 3 3

lim )’ \/x_z-Ax= J‘:\[J-c-abc=-§—xE =-§-(b5—-a§)

n—>o0
i=1
a

AP Calculus Multiple-Choice Question Collection
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76. Sequence [ — —g-; sequence II — oo; sequence Il —» 1. Therefore I and I1I only.
77. Use shells (which is no longer part of the AP Course Description.)
4
A
. ZanhAx where 7 =x and
(33) h=4x—x*—x
h
Volume =
3 2 (32 .3
Ax 275_{0 x(4x—x x)dx—ZnJ‘O (Bx*—x")dx
b ¥
0 4
. In(e+h)-1 . In(e+h)—-lne
78. lim ———— = lim ———————— = h =In
hlir(l) P hl_I‘)% h f'(e) where f(x) x
79. Count the number of places where the graph of y(#) has a horizontal tangent line. Six places.
80 Find the first turning point on the graph of y = f'(x). Occurs at x=0.93.
81. f assumes every value between —1 and 3 on the interval (-3,6). Thus f(c)=1 at least once.
X 2 x 1l 3 212 .
82. -[0 (t°-20dt =2 J-z tdt gx -x°2 —2—-x —2 . Using the calculator, the greatest x value on
the interval [0,4] that satisfies this inequality is found to occur at x =1.3887.
83. b (+lnx)dy; In|y|=x+xhx—x+k=xlnx+k; |y|= efe’™* = y = Ce*™* | Since
y
y=1when x=1, C=1.Hence y =e**.
AP Calculus Multiple-Choice Question Collection 225
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84. C f x?sinxdx; Use the technique of antiderivatives by parts with « = x*> and dv = sin xdx . It

will take 2 iterations with a different choice of u and dv for the second iteration.

sz sinx dx = —x% cosx + j2xcosxdx

=—x? cosx+(2xsinx—- IZSinxdx)

= —x? cosx+2xsinx+2cosx+C

85. D 1. Average rate of change of f is ZQ%-:IJ—F@-:—% True

2
II. Not enough information to determine the average value of f. False

II. Average value of f” is the average rate of change of f. True

A B

86. A Use partial fractions. = +
(x=D(x+3) x-1 x+3

; 1=A(x+3)+B(x-1)

Choose x=1 = Az';li and choose x=-3 = Bz—%.

x-1
x+3

+C

j——-——-}——————dx:—l-[j : de— | : de=lln
(x=D(x+3) 417 x-1 x+3 4

. . . 2 2 2
87. B Squares with sides of length x. Volume = Lx dy = L 2-y)dy

2
88. C f(x)= f: sintdt; f'(x)= 2xsin(x2); For the average rate of change of f we need to
determine f(0) and f (\/;r,_). f(0)=0 and f (\/T_[- ) = K sintdt =2 . The average rate of

. .2 . . .
change of f on the interval is —=. See how many points of intersection there are for the

Jr

graphs of y = 2xsin(x?) and y= —\/2—_-: on the interval [O,\/E :I There are two.
T
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89. D f(x)= [ dt f&= j —-—--——dt—0376

Both statements follow from the Fundamental Theorem of Calculus.

6
90. B F(x)=kx; 10=4k::>k=§ Work = jF(x)dx j dx=§x2

0 =45 inch-1bs
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2011 AP® CALCULUS BC FREE-RESPONSE QUESTIONS

CALCULUS BC
SECTIONIL, Part A
Time-—30 minutes
Number of problems~—2

A graphing calculator is required for these problems.

1. Attime ¢, a particle moving in the xy-plane is at position (x(¢), y(r)), where x(¢) and y(¢) are not explicitly

given. For ¢t 2 0, % =4t+1 and % = sin(tz), Attime ¢ =0, x(0) = 0 and y(0) = —4.

(a) Find the speed of the particle at time ¢ = 3, and find the acceleration vector of the particle at time ¢ = 3.
(b) Find the slope of the line tangent to the path of the particle at time ¢ = 3.
(c) Find the position of the particle at time ¢ = 3.

(d) Find the total distance traveled by the particle over the time interval 0 < ¢ < 3.

WRITE ALL WORK IN THE EXAM BOOKLET.

© 2011 The College Board.
Visit the College Board on the Web: www.collegeboard.org.

GO ON TO THE NEXT PAGE.
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2011 AP® CALCULUS BC FREE-RESPONSE QUESTIONS

t
{minutes) 0 2 > 9|10
HE) a6 l60 | 52 | a4 | 43
(degrees Celsius)

2. As apot of tea cools, the temperature of the tea is modeled by a differentiable function H for 0 < ¢ < 10, where
time ¢ is measured in minutes and temperature H(r) is measured in degrees Celsius. Values of H(t) at selected
values of time ¢ are shown in the table above.

(a) Use the data in the table to approximate the rate at which the temperature of the tea is changing at time
t = 3.5. Show the computations that lead to your answer.

10
(b) Using correct units, explain the meaning of ~1-}(—)- 0 H(t) dt in the context of this problem. Use a trapezoidal

10
sum with the four subintervals indicated by the table to estimate Ly (2) dr.

10Jo
10
(c) Evaluate J.O H’(t) dt. Using correct units, explain the meaning of the expression in the context of this

problem.

(d) Attime t = 0, biscuits with temperature 100°C were removed from an oven. The temperature of the
biscuits at time ¢ is modeled by a differentiable function B for which it is known that

B'(t) = —13.84¢ %7 Using the given models, at time ¢ = 10, how much cooler are the biscuits than
the tea?

WRITE ALL WORK IN THE EXAM BOOKLET.

END OF PART A OF SECTION II

© 2011 The College Board.
Visit the College Board on the Web: www.collegeboard.org,
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2011 AP® CALCULUS BC FREE-RESPONSE QUESTIONS

CALCULUS BC
SECTIONII, Part B
Time~—60 minutes

Number of problems-—4

No calculator is allowed for these problems.

/(k, )

L R

X

o k

3. Let f(x) = ¢**. Let R be the region in the first quadrant bounded by the graph of f, the coordinate axes, and
the vertical line x = k, where k > 0. The region R is shown in the figure above.
(a) Write, but do not evaluate, an expression involving an integral that gives the perimeter of R in terms of k.

(b) The region R is rotated about the x-axis to form a solid. Find the volume, V, of the solid in terms of .

(c) The volume V, found in part (b), changes as k changes. If % = %, determine % when k = %

WRITE ALL WORK IN THE EXAM BOOKLET.
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(~4,-1)

Graph of f
4. The continuous function f is defined on the interval —4 < x < 3. The graph of f consists of two quarter circles

and one line segment, as shown in the figure above. Let g(x) = 2x + f: f(2)a.

(a) Find g(-3). Find g’(x) and evaluate g’(-3).

(b) Determine the x-coordinate of the point at which g has an absolute maximum on the interval -4 < x < 3.
Justify your answer.

(c) Find all values of x on the interval —4 < x < 3 for which the graph of g has a point of inflection. Give a
reason for your answer,
(d) Find the average rate of change of f on the interval —4 < x < 3. There is no point ¢, -4 < ¢ < 3, for

which f”(c) is equal to that average rate of change. Explain why this statement does not contradict the
Mean Value Theorem.

WRITE ALL WORK IN THE EXAM BOOKLET.
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5. At the beginning of 2010, a landfill contained 1400 tons of solid waste. The increasing function W models
the total amount of solid waste stored at the landfill. Planners estimate that W will satisty the differential
1

equation gg—— = f’)_'s'(w —300) for the next 20 years. W is measured in tons, and ¢ is measured in years from
the start of 2010.
(a) Use the line tangent to the graph of W at ¢ = 0 to approximate the amount of solid waste that the landfill

contains at the end of the first 3 months of 2010 (time ¢ = 21[).

2 2
(b) Find ‘;?] interms of W. Use (ii‘f] to determine whether your answer in part (a) is an underestimate or
t t*

an overestimate of the amount of solid waste that the landfill contains at time f = %

(c) Find the particular solution W = W(r) to the differential equation 2. = zis(w ~300) with initial

dt
condition W(0) = 1400.

WRITE ALL WORK IN THE EXAM BOOKLET.
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o

120

P,

‘—"”‘—’

30

\ Al LN
\ / N1 A \ /

le El/ V1=x

Graph of y = lf(s)(x)[

6. Let f(x) = sin (xz) + cos x. The graph of y = }f(s)(x)l is shown above.

(a) Write the first four nonzero terms of the Taylor series for sin x about x = 0, and write the first four

nonzero terms of the Taylor series for sin (xz) about x = 0.

(b) Write the first four nonzero terms of the Taylor series for cos x about x = 0. Use this series and the series

for sin(xz), found in part (a), to write the first four nonzero terms of the Taylor series for f about x = 0.
(c) Find the value of f©(0).
(d) Let P,(x) be the fourth-degree Taylor polynomial for f about x = 0. Using information from the graph of

~| ¢ 1) l) L
y= lf (x)l shown above, show that P4(4) f(4 < 30500"

WRITE ALL WORK IN THE EXAM BOOKLET.

END OF EXAM
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Question 1

At time ¢, a particle moving in the xy-plane is at position (x(¢), y(¢)), where x(#) and y(¢) are not explicitly

given. For ¢t 2 0, -i—%- =4t +1 and % = sin(tz). Attime t = 0, x(0) =0 and y(0) = —4.

(a) Find the speed of the particle at time ¢ = 3, and find the acceleration vector of the particle at time ¢ = 3.
(b) Find the slope of the line tangent to the path of the particle at time ¢ = 3.

(c¢) Find the position of the particle at time ¢ = 3.

(d) Find the total distance traveled by the particle over the time interval 0 < ¢ < 3.

(a) Speed = \/(x’(3))2 +(¥'(3))* =13.006 or 13.007 5. 1 : speed

‘ " | 1: acceleration
Acceleration = (x"(3), y"(3))

= (4, —5.466) or (4, —5.467)

_y0) _ :
(b) Slope = 70) - 0.031 or 0.032 1 : answer
3 dx .
(© x(3)=0+ f 7 dt =21 2 : x-coordinate
0 1 : integral
3 | : answer
3)=-4 er=~3.226 4: 4
¥(3) +J; dt 2 : y-coordinate
] o . 1 : integral
Attime ¢ = 3, the particle is at position (21, —3.226). 1
: answer
3 2 2 ¥
(d) Distance = J (ii’i) + (331) dt = 21.091 p. | 1:integral
o Wdt dt 1 : answer

© 2011 The College Board.
Visit the College Board on the Web: www.collegeboard.org.



AP® CALCULUS BC
2011 SCORING GUIDELINES

Question 2

{
(minutes)

H(t)
(degrees Celsius)

01215197110

66 | 60 | 52 |44 | 43

As apot of tea cools, the temperature of the tea is modeled by a differentiable function H for 0 < ¢ < 10, where
time ¢ is measured in minutes and temperature H(¢) is measured in degrees Celsius. Values of H(¢) at selected
values of time ¢ are shown in the table above.

(a) Use the data in the table to approximate the rate at which the temperature of the tea is changing at time
t = 3.5. Show the computations that lead to your answer.

10
(b) Using correct units, explain the meaning of Tl(—)..fo H(t) dt in the context of this problem. Use a trapezoidal

10
sum with the four subintervals indicated by the table to estimate le- J.o H(t) dt.

10
(c) Evaluate .“0 H'(t) dt. Using correct units, explain the meaning of the expression in the context of this

problem.

(d) Attime ¢ = 0, biscuits with temperature 100°C were removed from an oven. The temperature of the
biscuits at time ¢ is modeled by a differentiable function B for which it is known that
B'(t) = ~13.84¢™"!™_ Using the given models, at time ¢ = 10, how much cooler are the biscuits than
the tea?

(a) H'(3.5) = _{ILS_S)’_E_?_Q_)_ 1 : answer
= —52—_3"—§Q— = -2.666 or -2.667 degrees Celsius per minute
10
(b) -1-% j.o H(t) dt is the average temperature of the tea, in degrees Celsius, 1 : meaning of expression
over the 10 minutes. 34 1: trapezoidal sum
I 1 : estimate
1 1 66 + 60 60 + 52 52 + 44 44 + 43
‘l-ajo H(t)df~T(-)'(2 ) +3- 5 +4- ) +1- 3 )
= 5295
10
(©) j.o H'(t)dt = H(10) — H(0) = 43 - 66 = -23 5. { 1 : value of integral
The temperature of the tea drops 23 degrees Celsius from time ¢ = 0 to 1 : meaning of expression
time ¢ = 10 minutes.
10
(d) B(10) =100 + jo B'(t) dt = 34.18275; H(10) - B(10) = 8.817 1 : integrand
The biscuits are 8.817 degrees Celsius cooler than the tea. 31 1:uses B(0) =100
1 : answer
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Question 3

Let f(x) = ¢**. Let R be the region in the first quadrant bounded by the }:
graph of £, the coordinate axes, and the vertical line x = k, where /( P
k > 0. The region R is shown in the figure above. €
(a) Wirite, but do not evaluate, an expression involving an integral that
gives the perimeter of R in terms of k.
(b) The region R is rotated about the x-axis to form a solid. Find the 1 R
volume, V, of the solid in terms of k.
X
)
(c) The volume V, found in part (b), changes as k changes. If -‘% = -%, k
. dV _1
determine 7 when & = ok
@ f(x)=2e 1: /()
k 2 3: 11
Perimeter =1+ k + ¢ + J‘ ,fl + (2e2") dx L integral
0 1 : answer
1 : integrand
I LI A LN SN L T 1 : limits
(b) Volume = » L) (e ) dx = ﬁj'o e dx = e o 7¢ 2 4 | - antiderivative
1 : answer
AV _ etk dk e
(©) ek 5. i applies chain rule
1 4V 51 : answer
Whenk_z, 7 = 7re 3
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Question 4

The continuous function f is defined on the interval -4 < x £ 3.

The graph of f consists of two quarter circles and one line
segment, as shown in the figure above.

Let g(x) = 2x + j:f(t) dt.

(a) Find g(-3). Find g'(x) and evaluate g'(-3).

(b) Determine the x-coordinate of the point at which g has an
absolute maximum on the interval —4 < x < 3.

Justify your answer.

(c) Find all values of x on the interval —4 < x < 3 for which

the graph of g has a point of inflection. Give a reason for
your answer.

(d) Find the average rate of change of f on the interval

(3.-3)

Graphof f

-4 < x < 3. There is no point ¢, -4 < ¢ < 3, for which f’(c¢) is equal to that average rate of change.
Explain why this statement does not contradict the Mean Value Theorem.

@ g(-3)=2(3)+[ fyd=-6-2L

gx)=2+1(x)
g(3)=2+/f(3)=2

(b) g'(x) =0 when f(x)=-2. This occurs at x = -;—
g'(x)>0for—4<x<%and g'(x) <0 for = <x<3.

Therefore g has an absolute maximum at x =

STV IRV

(¢) g"(x)= f'(x) changes sign only at x = 0. Thus the graph
of g has a point of inflection at x = 0.

(d) The average rate of change of f on the interval -4 < x <3 is

fB)-f(4 _ 2

3-(-4) 7
To apply the Mean Value Theorem, f must be differentiable
at each point in the interval —4 < x < 3. However, f is not

differentiable at x = -3 and x = 0.

© 2011 The College Board.

(98]
—

1:g(-3)
: g'(x)
: g'(-3)

—

1 : considers g'(x) =0

3: < 1 :identifies interior candidate

1 : answer with justification

1 : answer with reason

_ [ 1 :average rate of change
" | 1: explanation
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Question b

At the beginning of 2010, a landfill contained 1400 tons of solid waste. The increasing function W models
the total amount of solid waste stored at the landfill. Planners estimate that # will satisfy the differential

equation Qg-: = ~2~1~§( W —300) for the next 20 years. W is measured in tons, and ¢ is measured in years from
the start of 2010.
(a) Use the line tangent to the graph of W at ¢ = 0 to approximate the amount of solid waste that the landfill
contains at the end of the first 3 months of 2010 (time ¢ = -‘lz).
L dW arw : . . :
(b) Find % in terms of W. Use 7 to determine whether your answer in part (a) is an underestimate or
1 t
an overestimate of the amount of solid waste that the landfill contains at time ¢ = —}1-
(c) Find the particular solution W = W(t) to the differential equation i;—:,— = %(W —300) with initial
condition W (0) = 1400.
| _ Loy —300) = L (1400 — 300) = AW
(a) o =35 (W(0)—-1300) = 53 (1400 - 300) = 44 5 { 1: 7 att =0
The tangent line is y = 1400 + 44¢. 1 : answer
1y 1y
W(Z) ~ 1400 + 44(4) = 1411 tons
a*w _ 1dw _ 1 da‘w
o e —— = o —- > L@
(b) 2 35 ar C 65 (W -300) and W 21400 5. l: -7
dw . 1 1 : answer with reason
Therefore 2 >0 ontheinterval 0 < ¢ < 7
t
The answer in part (a) is an underestimate.
(c) d%f— = -—2175—(W -300) 1 : separation of variables
1 : antiderivatives
1 _aw-(La —
W =300 = )75 5: 4 1:constant of integration
In| - 300] = 1 fhC 1 : uses initial condition
25 1 : solves for W
In (1400 — 300) = —=(0) + C = In(1100) = C _
25 Note: max 2/5 [1-1-0-0-0] if no constant of
1 . .
B 3 55t integration
W =300 = 1100 . Note: 0/5 if no separation of variables
—t
W(t) =300 +1100e* , 0<¢<20
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Question 6
Let f(x) = sin(xz) + cos x. The graph of y = lf(s)(x)’ is ):
\ /
shown above. \ 120
(a) Write the first four nonzero terms of the Taylor series for \ 80
sin x about x = 0, and write the first four nonzero terms \ [
of the Taylor series for sin(x*) about x = 0. N 40 -~ —\\
() \/ | N1 7 \ /
(b) Write the first four nonzero terms of the Taylor series for v 5 v e
-1 1

cos x about x = 0. Use this series and the series for
sin(xz ), found in part (a), to write the first four nonzero

terms of the Taylor series for f about x = 0.

Graphof y = If(s)(x)l

(c) Find the value of f (6)(0).
(d) Let Py(x) be the fourth-degree Taylor polynomial for f about x = 0. Using information from the graph of
Po 1) .1_) L
y= If (x)’ shown above, show that }’4(4) f(4 < 3000

(a) sinx:x—%+%-§ﬂ+...
6 10 _14
(2N 2 X x X
sin(’) = - Jr Sy -y
2 4 6
(b) cosx =1 -%-4-—2—' %..+
2 4 6
X X 121x
f(x)=1+—2—+—ﬂ- ot
/90 . . _
(©) is the coefficient of x” in the Taylor series for f about

x = 0. Therefore £ (0) = -121.

(d) The graphof y = ’ f (5)(3(:)’ indicates that maxil f (5)(x){ < 40.
0<x< )

Therefore

(i)

max
)l 0sxsd
< 4

o) 1

(5

4

40 1 1

1 -
“120.45 3072 <3000°

4

5!

© 2011 The College Board.

: series for sin x

. . 2
: series for sm(x )

: series for cos x
: series for f(x)

1 : answer

| 1: form of the error bound
" | 1: analysis
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